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We obtain two sided O-estimates for the class of convolutions g(x) := 
I2 n 4r a(n) n”‘(x/n), where f  is a periodic function of period 1 satisfying a Kubert 
identity of order 1~ 1, where a < - 1, and where a(n) = 1 or the Moebius function 
&I). This applies in particular to the divisor functions G,, of Chowla and Walum, 
to the function P of Hardy and Littlewood, and to an error term related to the 
Euler phi function. 0 1990 Academic Press, Inc. 
1. INTR~OUCTION 
The reader is referred to [S] for the notation and definitions. In 
particular, the symbols used in Section 2 below will be assumed to satisfy 
the same properties as in Section 1 of that paper. We remove a superfluous 
hypothesis in Theorem 1 of [S], which thus improved yields for instance 
iii&q* G-LAX) 
log log x 
(1=1;*= +, --;see [6]) 
(Ieven;*=(-l)v*+*) (1) 
(l-2-‘+‘)& (Ieven;*=(-1)‘j2); 
lim( - l)* G,,(x) 
i 
=$1;( -a) (1=1;*= +, --;see [3]) 
=a-a) lB,l (Ieven;*=(-l)‘/ (2) 
I ~i(-a)(l-2”)IE,l(1-22,Z:t’:2’+1 (Ieven;*=(-1)“2) 
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for a< -1; 
(a= -1) 
(a< -1) 
for [>3 odd; 
iGl(-l)* 
P(x) > e; 
i 
if *=+ 
log log x ’ $2; if *=---; 
fqx):= c ?!.y$ - 1 y 1 ; 
+ (3 
+-o(l) 
n < I n < \,s 
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(3) 
(4) 
= sz, ((log log x)‘i2); (5) 
and more generally 
for all positive integers f, where the constants implied by the Q symbols in 
(3), (5), and (6) can be computed with the method of Theorem 3 below, 
like those given in (l), (2), and (4). 
Estimate (1) generalises the result of [6] (for I = I), and (2) that of [3] 
(also for 1= 1); (3) is new; only the Q + estimate of (4) was known [2]. 
And (5) is an improvement on an old result of Erdiis and Shapiro [ 1 ] 
recently obtained by H. L. Montgomery [4]; it is this last paper that 
induced me to write the present addendum. Montgomery’s proof of (5) is 
much simpler than mine. But an essential condition to this simplicity is that 
be a good approximation of H(x) uniformly for y > x exp( -c s) 
(c denoting some positive constant) : thus his method could not for 
instance yield (1) and (4). 
2. MAIN RESULT 
The superfluous hypothesis in Theorem 1 is that the real parameter 
B = B(x) 2 0 should be an integer : it clearly need not. (Note. We require, 
however, that the period off be of length T = 1 : this hypothesis is lacking 
in the statement of that theorem). Theorem 2 may then be replaced by the 
more precise Theorem 3 below. 
64, ,3b,3-6 
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We first need some notation. We let f satisfy a Kubert identity of order I, 
(* I) : f(my) = ml- l y;f(i+Y)t (1) 
for all real y and natural m, and for some I > 1. We let g E C,(a, f), where 
z=.z(x)=x~‘~ and c((n)=n’+“ or a(n)=~(n)n’+’ for some ~6-1. 
Further we define, for s > 1 and (k, n) = 1, 
and 
jk,Jl) := c ncs 
Plm-P*k(n) 
Qk,n(4 := c p(m)m-s= n (l-p-“). 
plm-pfk(n) pdkfn) 
(2) 
(3) 
Also, for (k, n) = 1, we make use of the positive constants A,,, and I~,“, 
defined by the relations 
(4) 
and 
(5) 
and whose explicit expressions can be found in [8]. And finally we 
abbreviate the statement “Property Pi holds” by the symbol 7ti, where 
P, : f(0) # 0; 
P2 : f(O- ) := ,h$ f(E) # 0; 
P3 :f(O)#O and I# 1; 
P,:f(O)=Oor I=l, fW0; 
P,:f(O)=O orl=l, S(t)#o; 
P,: f(s>f(T)>O (n=L3), 
f($f($O (n= fl,m= +3); 
Pcf(;lIi)f(j+O @=1,5), 
f(s)f(E)cO (n=+Lm=*5). 
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Since f satisfies ( 1) we have 
f(O) f(i) < 0 if n,; 
.f(f, = -f(f) #O if rr,; 
.fk, = -f(i) fO if rr5. 
With this notation we have 
THEOREM 3. Zfc$n)=l then 
lim * *o,“E; ?c 
1 
If( e; if rcr,fir*=sgnf(O) 
~ If(O)I ey if rt2,for*=sgnf(O-) 
If( e’ 
(1-2-‘+‘)2’ 
2,+ I_ l if n3,,for*= -sgnf(O) 
and, for * denoting + or -, 
lim* .&T(x) 
(log log x)1’? B i 
lS(3)l 5,,3(1+ 1) Pl.3 
If($)1 i,,,(l+ 1) cL1.4 
Zfa(n)=p(n) then, alsofor *= +, -, 
7 g(.x) 
*lm * (log log X)1’* 
! 
If@1 %,U+ 1) k2.3 
If(i)I %,4(/+ 1) 44 
min(lfW)l, IA-43)l) 3 x9 +3,*(~+ 1) ~_+3.s 
min(lf(nP)L If(-n/12)0 
X9 +5.12([+ 1) b,,,, 
(4 
(b) 
(cl 
(a) 
(b) 
(a) 
(b) 
(cl 
(d) 
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(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
In view of basic properties of the Bernoulli polynomials (see, e.g., [7, 
Chap. 1 ] ), Theorem 3 yields the estimates ( 1.1). It also yields ( 1.3) for 
a = - 1, (1.5), and (1.6) for a = - 1 with explicit estimates of the implied 
constants. The proof of (1.4) is very similar and we skip it (see [S, p. 793). 
And in the cases where a(n) is n’+’ or p(n) n”+’ for some a < - 1 a result 
similar to Theorem 3 can be obtained in the same manner : applications are 
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(1.2) and (1.3), (1.6) for a < - 1 (with again estimates of the implied 
constants). Finally we note that in the applications (1.3) and (1.5), and 
(1.6) for I odd, only one of the properties P, and P, (both satisfied by Il//), 
needs to be used: the one producing the largest constant, for instance. The 
same remark applies to (1.6) when I is even : both P, and P, are satisfied. 
Proof: Theorem 1 yields 
The sum on the right is 
(12) 
(13) 
where C = C(A, n) := C a(n) m-‘-l, the summation being restricted to the 
integers m < u/n 
(i) with (A, m) = 1 in the case where d(m) = p(m); 
(ii) whose prime divisors p all satisfy pup (1 A and pap (1 n for some 
nonnegative integer clP if a(m) = 1. 
In both cases (i) and (ii), C(A, n) > C, > 0 for all A and n, where Co is an 
absolute constant, since A = o(u). 
IfnowweputA=m!=x , iI4 then B = 0 and B = A - 1 yield respectively 
(9a) and (9b). For (SC) we set A = m!/2’ = x1j4, where 2’ 1) m!, and B = A/2, 
and we make use of (6). 
Estimate (lOa) is obtained with A = m!/&. ,c3j pup = x1”, where pup 1) m!, 
and B = A/3 for one of the values of *, B = 2A/3 for the other (using (7)); 
estimate (lob) is obtained similarly (using (8 )). 
For (lla) we put A=n,G2c3jp=~1/4, and first B=A/3, then B=2A/3; 
the proof of (1 lb) is similar. Finally for (1 lc) we set A = npE _+3c8j p = x’j4 
and B= A/8, B= 3A/8; the proof of (lld) is similar. 
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